A SPINORIAL ANALOGUE OF AUBIN'S INEQUALITY 



B. AMMANN, J.-F. GROSJEAN, E. HUMBERT AND B. MOREL 

Abstract. Let (M, g, a) be a compact Riemannian spin manifold of dimension > 2. For any metric g 
conformal to g, we denote by A the first positive eigenvalue of the Dirac operator on {M, g, a). We show 
that 

inf A Vol{A/,g)l/" < {n/2) Vo^S")^/". 

This inequality is a spinorial analogue of Aubin's inequality, an important inequality in the solution 
of the Yamabe problem. The inequality is already known in the case n > 3 and in the case n = 2, 
ker D = {0}. Our proof also works in the remaining case n = 2, kerD ^ {0}. With the same method 
we also prove that any conformal class on a Riemann surface contains a metric with 2A'^ < /t, where fl 
denotes the first positive eigenvalue of the Laplace operator. 
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1. Introduction 



Let {M,g) be a compact Riemannian manifold of dimension n > 2. We assume that M is spin, and we 
fix a spin structure a on M. For any metric g in the conformal class [g] of g, we write A^(^) for the 
smallest positive eigenvalue of the Dirac operator with respect to (M, g, a). We define 

>^i.iniM,g,a) = mf A+(g)Vol(M,5)i/». 

If (Af, g) is the round sphere S" equipped with the unique spin structure on S", we simply write Aj^;jj(S"). 
It was proven in [Lot86] (kerD = {0}) and [Am03b] (kerD {0}) that 

A+n(^^,5,^)>0. 

Several articles have been devoted to the study of this spin-conformal invariant. A non-exhaustive list is 
[Hij86, Lot86, Bar92, Am03a]. In this article we will prove the following. 

Theorem 1.1. Let {M,g,a) be a compact spin manifolds of dimension n>2. Then, 

A+jM,.9,a)<A+„(§")^|^| (1) 
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where a;„ stands for the volume of the standard sphere §" . 

The proof relies on constructing a suitable test spinor. The main idea of this construction is to start with 
a Killing spinor on the round sphere. Under stereographic projection this spinor then yields a solution to 
the equation Dtp = c\^\'^^^"^'^^tp on flat M". This solution will be rcscalcd, cut off and finally transplanted 
to a neighborhood of a given point p of the manifold M. For this transplantation we carry out several 
calculations in a well-adapted trivialization of the spinor bundle. 

The first steps in our proof are common in all dimensions. However, in some final estimates one has to 
distinguish between the cases n > 3 and n = 2. 

In dimension n > 3 two other proofs for the theorem have already been published: a geometric con- 
struction [Am03b, Theorem 3.1] and a proof using an invariant for non-compact spin manifolds [Gro06]. 
In these dimensions, it is mostly the method of proof that is interesting and helpful: the trivialization 
presented here has less terms in the Taylor expansion than the trivialization by using parallel transport 
along radial geodesies. Some formulae of our article also enter in [Gro06]. The calculations of our article 
also provide helpful formulae used in [AHM03], [AH03] and [Rau06]. 

The main interest of the theorem however lies in the case n = 2. The easier subcase n = 2, kcr_D = {0} 
could be dealt with by a modification of the geometric proof [Am03b, Theorem 3.2], but the subcase 
n = 2 and keiD ^ {0} remained open for longtimes. Grofie's method fails as well for n = 2 as the 
contribution of a cut-off function in [Gro06, Lemma 2.1(ii)] is too large. We assume that her method can 
be adapted by using a logarithmic cut-off function, but the details have not been worked out yet. 

Our method of proof in dimension 2 actually admits applications to other problems as well. For example, 
one obtains the following proposition that provides a negative answer to a question raised in [AAF99] . 

Proposition 1.2 (See Corollary 7.2). Let {M,g) be a Riemann surface with fixed spin structure a. For 

any metric g in the conformal class [g] , let /ii (g) be the first positive eigenvalue of the Laplacian, and let 
Xi{g) be the first positive eigenvalue of the Dirac operator on {M,g,a). Then 

inf ^ < i. 

The article is organized as follows: in Section 2, we recall that ^^i^iM^g, a) has a variational character- 
ization. Then, in Section 3 we introduce a well-adapted local trivialization of the spinor bundle, called 
the Bourguignon-Gauduchon- trivialization. In Section 4 we calculate the first terms of the Taylor devel- 
opment of the Dirac operator in this trivialization. In the following, i.e. in Section 5, we construct a good 
test spinor using a Killing spinor on and then in Section 6, we set this spinor in the functional to get 
Theorem 1.1 in dimension n > 3. In the last section, i.e. in Section 7, we describe the modifications for 
the case n = 2 and prove the proposition. 

Acknowledgments. The authors want to thank Oussama Hijazi (Nancy) for his support and encouragement 
for working at this article. B. Ammann wants to thank C. Bar for some discussions about related subjects. 
We thank the referee for drawing our attention to the article [Tak02]. B. Ammann thanks the Max-Planck 
institute for gravitational physics, at Potsdam-Golm for its hospitality. 



2. A VARIATIONAL FORMULATION FO THE SPIN CONFORMAL INVARIANT 

For a section tp e r(I]M) we define 
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At some places we will wirte Jg instead of J inorder to indicate, that the functional is defined with respect 
to g. Based on some idea from [Lot86], Ammann proved in [Am03a] that 

A+in(M,5,<T)=infJ(V) (2) 

where the infimum is taken over the set of smooth spinor fields for which 

{Di,,i,)Vg\ >0. 



Hence, to prove Theorem 1.1, we are reduced to find a smooth spinor field V satisfying the condition 

( 

min \ 



below and such that J(V') < '^minC^") + ^ where £ > is arbitrary small. 



3. The Bourguignon-Gauduchon-trivialization 

As already explained before, the proof of our main theorem is based on a the construction of a suitable 

test spinor. We first construct a "good" spinor field of M" and then transpose it on the manifold. In order 
to carry this out, we need to locally identify spinor fields on (M" , (jieuci) and spinor fields on {M,g). Such 
an identification will be provided by a well-adapted local trivialization of the spinor bundle of Y,{M,g). 

If a spin manifold N carries two metrics gi and (72, then it is a priori unclear how to identify spinors on 
{N,gi) and spinors on (A^, (72). Bourguignon and Gauduchon [BG92] constructed a convenient map from 
the spinor bundle of {N,gi) to the spinor bundle of {N,g2) that allows us to identify spinors, and it is 
this identification that will provide the necessary identification to us. The trivialization will be called 

Bourguignon- Gauduchon-trivialization. 

This trivialization is more efficient than the commonly used "trivialization by parallel transport along 
radial geodesies": with respect to the Bourguignon-Gauduchon-trivialization less terms appear in the 

Taylor expansion in Section 4. 

Let {M,g) be a Riemannian manifold with a spin structure cr : Spin(M, SO{M,g). Let (xi, . . .Xn) 
be the Riemannian normal coordinates given by the exponential map at p G M: 

expp : U C TpM = — > V <Z M 
{xi,...,Xn) I — > m 

Let 

G:V — > Sl{n,R) 

m I — > Gm ■■= {gij{m))ij 

denote the smooth map which associates to any point m gV, the matrix of the coefficients of the metric g 

at this point, expressed in the basis {dt := -^)i<i<n ■ Since Gm is symmetric and positive definite, there 
is a unique symmetric and positive definite matrix Bm such that 

m ' 

Since 

'{BmX)GmiBmY) = 5eucl(X, Y) , VX, F G , 

where ^euci stands for the Euclidean scalar product, we get the following isometry defined by 

for each point m G where bKm) arc the coefficients of the matrix Bm (from now on, wc use Einstein's 
summation convention). As the matrix Bm depends smoothly on m, we can identify the following S0„- 
principal bundles: 
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S0([/,5euci) SO{V,g) 



U c TpM VCM 



where r] is given by the action of B on each component vector of a frame in SO(C/, (/euci)- The map r] 
commutes with the right action of S0„, therefore the map r? can be Hfted to the spin structures 

Spin(n) xU = Spin(C/, geud) Spm{V,g) C Spin(M,5f) 



U C TpM "-^ . VcM 

Hence, we obtain a map between the spinor bundles T,U and T,V in the following way: 
E[/ = Spin(C/,5euci) XpS„ EV^ = Spin(F,5) x^E„ 

V'=[.s,<^] I — > t/j = [f]{s),(f] (3) 

where (p, S„) is the complex spinor representation, and where [s, (p\ denotes the equivalence class of (s, (f) 
under the diagonal action of Spin(n). 

We now define 

e, := bjdj , 

so that (ei, . . . , e„) is an orthonormal frame of {TV, g). Denote by V (resp. V) the Levi-Civita connection 
on {TU,geuc\) (resp. {TM,g)) as well as its lift to the spinor bundle YJJ (resp. TV). The Christoffel 
symbols of the second kind V'l- are defined by 

ff,:= (Ve,e,-,efc), 

hence f% = -P^,. 

Proposition 3.1. If D and D denote the Dirac operators acting respectively on r{T,U) and r{T,V), then 
we have 

Dip = D^ + W -ip + Y -1^ + J^iH - ■ VajV , (4) 

ij 

where W e r(Cl TV) and V G T{TV) are defined by 

E bl{drb^j){b-')fei.ej.ek (5) 



4 . 



and 



V = i E (^fe - ^ii) ek = ^ E^L ek (6) 

i,k i,k 

where, for any point m &V, and the coefficients of the inverse matrix of Bm are denoted by (6~^)f (m) . 



Proof We denote Clifford multipUcation on T,V by " • ". For all spinor field ip G r(EU'), since V G r(Sy) 
and by definition of V (see e.g. [LM89, Theorem 4.14], [Bar91, 1 Lemma 4.1]), we have 

Ve,i^ = VZW + \j2^ijerek-i^. (7) 

Taking Clifford multiplication by on each member of (7) and summing over i yields 

D^ = ^ei- Ve.V' + ^ E "^ij^i ■ej-ek-'tij . 
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Now, using that = J2j H^j ^^^^ ' ^eiV" = ■ ^eii^^ we obtain that 



and hence, 

Sec also [Pfa02] for a similar formula, worked out in more detail. 
Note that by the definition of , we have 

On the other hand, we compute the Christoffel symbols of the second kind 
where as usually the ChristoS^el symbols of the first kind F^^ are defined by 



Therefore we have 
and hence 

Now, we can write 



Tljbi = bi{drb'j) + bib^jrl,, 
^ = (bi{drb'j) + b^b^,rU){b-')f . (8) 



lY,T^.e,-ej-ek=W + Y 



4 



where W e T{M^TV) and V G T{TV) are defined by 



and 



=0 



i—j^k i^j=k j^i=k i=j=k 



l,k 

which is (6). 

First note that by (8) we have 

W = ^ E {h\{drb]){b-')\ + b\bp,,{b-')'i)ei.eyek. 

However, 

E bl¥^TUb-')'[e-erek=0 

i,3,k 

since T^^ = and e, • ej = —ej ■ Cj. Therefore we obtain (5). □ 
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4. Development of the metric at the point p 

In this section we give the development of the coefficients F^^ in the coordinates (xi, . . . , a;„) at the fixed 
point p e M. 

For any point m G M, r denotes the distance from p to m. Recall that in the neighborhood of p, we have 
the following development of the metric g (see for example [LP87]): 



9i3 



= kj + \^Ricxl33{p)x"'x^ + ^Riocl3j-^{p)x''x^X^ (9) 
+ [^Rioi0r,i\{p) + -^^Rtal3rn{p)Rj^\ni{j>)^ + O {r^ ) 



where 
and where 



Rijkl = (Vej VeiCfejei) - (VeiVe^.efc,e;) - (V[e^.,ei]efe, 6;) 



are the covariant derivatives of Rijki in direction of (and e^). Therefore we write 

Gm = ld + G2 + G3 + 0{r^) 



with 
and 

Writing 
with 



(G2).. = ii?ia/3,(p)a;" 
(Gs).. = ^Ria(3j;j{p)x" 



X^ 



X^X^ 



l-Bl I = BijaX" , 
\ / ij 



and 



(Ba) = Bijaf3^X°'x'^x'^ , 

\ / ij 

the relation B^Gm = Id yields Bi = and 

= (2B2 + G2) + (2B3 + G3) , 

hence 

4 = 5{-^Riapjx"xl^-^Riaf3j;-yX''xf^x'r + 0{r^) 
(b-'Yi = S{ + ^Ric^pjx'^x^ + ^Ric.pi.-yx'^x^x'^ + 0{r^) 



We also have 



(10) 



dllPi = -\(R^loc3 + Rm3)x'^ - ^ + Rialj.P + Ria0r,l)x''x^ + 0{r^) . (11) 
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4.1. Development of T^j, V and W. 

= ^ (diQjk + djQik - dkQij^ + O(r^) 

— g ^Rjiak ~t~ ^jaik ~t~ ^ijak ~t~ ^icxjk ^ikocj -^afej'^*^ ~t~ ) 

Using the relations .RyaA: + Rjiak = 0, -Rjaifc — Rikaj = —'^Rikaj and iJiajfc — Riakj = —"^Riakj we then 
have 



4( 



On the other hand, since 9^6'- and F^^ have no constant term, Formula (8) yields 



and hence 



(12) 



ri^ = dib^ + r'ij + o{r'). 



We have 



i,k 

= \Y.{^^^k+nk-dib':-r':.)ek 

i^k 



since dibl =dib^. 
Moreover, we have 

i Z Z 

= -(RicU + 0(r2) 

Therefore we proved that 



V= ( --{mc)c.kx" + 0{r'')]ek. 



(13) 



The aim now is to show that 



W=2 E mrb]){b-')Ui-erek 



is 0{r'^). First note that by Equations (10) and (11) has no term of order 1 and 9^^' has no term of 
order 0. Hence, any term in W of order < 3 is a product of the 0-order term of ¥^ and of a term of order 
1 or 2 of 9^6^.. 
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Therefore W has no term of order 0. To compute the terms of order 1 and 2, we write 



We have 



since 



E {si{drb'j)St + 0{r'))ei-ej-ek. 
E dibjCi ■ej-ek = 



i,j,k 



dibj = dibl and Cj ■ Cfe = -efe ■ ej . 
Therefore W has no term of order 1 and 2. We proved that 

W = 0{r^) 

Remark 4.1. Similar calculations yield 



(14) 



V = -(i(Ric)„fca:" + ^{RicU^^x'^x^ + 0{r^))ek • 




We do not give details here because wc do not need explicit computations of terms of order 2 for V and 
terms of order 3 for W in the proof of Theorem 1.1. 

5. The test spinor 

5.1. The explicit spinor. In this section we construct a good test spinor on M". The spinor bundle on 
M" is trivial, so wc can identify the fibers. Let ipo S SoM". We set f{x) := Yfpr, where r := |a;|, hence 
dif = —Xip. Then we define 



i){x) = f^{x){l-x) -Ipo. 



One calculates 
and hence 



Va,V = -f^di ■ Vo - ^/*+'a;i(l - x) ■ Vo, 



2-' 



(15) 
(16) 

(17) 

(18) 
(19) 



5.2. Conformal change of metrics. In order to explain a geometric interpretation of this spinor, 
we have to recall the behavior of spinors and the Dirac operators under conformal changes. See e.g. 
[Hit74, HijOl] for proofs. 

Let {N,h) be a spin manifold of dimension n. Consider a conformal change of metric h = F~'^h for 
any positive real function F on {N,h). The map TN TN, X >—>■ X = FX induces an isomorphism 
of principal bundles from SO{N,h) to SO{N,h). It hfts to a bundle isomorphism between the Spin(n)- 
principal bundles Spin(A'', h) and Spin(iV, h), and passing to the associated bundles one obtains a map 



TshN = Spin{N,h) Xp E 



E-f^N = Spm{N,h) XpS 
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between the spinor bundles, which is a fiberwise isometry and we have 
(see [HijOl] for more details on this construction). 

By conformal covariance of the Dirac operator, we have, for ^p e ViJlN), 

Di^F"^ ip^ = D^, (20) 

5.3. Geometric interpretation. We apply this formula to a particular case: let p be any point of the 
round sphere S". Then is isometric to M" with the metric 

9S = fOeucl , (21) 

with 

Hence we set A'^ := M", h = ^oucb F = f~^- One calculates with (17) and (20) that $ := F^'ip satisfies 
D$ = ^<1> on §" \ {p}, and |$| = 1. Hence, the possible singularity at p can be removed (see e.g. the 
Removal of singularity theorem [Am03c, Theorem 5.1]), and one sees that 3> is an eigenspinor to the 
eigenvalue n/2 on the round sphere The equality discussion in Priedrich's inequality [FriSO] implies 
that $ is a Killing spinor to the constant —1/2, i.e. it satisfies 

Vx$= --X 
2 

Hence we have seen that our spinor ^ is the "conformal image" of a Killing spinor on S". 



6. The proof of Theorem 1.1 for n > 3 
We begin with the following Proposition. 

Proposition 6.1. The metric g on M can be chosen such that 

RiCg(p) = and Ag(Scalg)(p) = . 

Proof. Consider a conformal change of the metric g = e^"g for any real fimction u on {M^g). Then it is 
well known that the Ricci curvature (2,0)-tensor RiCg, the scalar curvature Scalg and the Laplacian Ag 
corresponding to the metric g satisfy (see for example Hebey [Heb97] or Aubin [Aub76]) 

RiCg = Ricg - (n - 2)V^m + (n - 2)Vu (g) Vu + (A^m - (n - 2)\S/u\l)g , 

Scalg = e-2''(^Scalg + 2(n - l)AgU - (n - l)(n - 2)|Vw|g) , (22) 
As a first step, we can assume that Scalg(p) = 0. Then, let us choose u such that 

in a neighborhood of the point p. Since u{p) = and (V?i)(p) = 0, it is straightforward to see that 
RiCg{p) = 0. Moreover, taking the Laplacian of both members of Equation (22), a simple computation 
shows that AgScal§(p) =0. □ 

Let e Sf/M where U is the open neighborhood of a point p G M as defined in the previous sections. 
With the help of formulas (13) and (14), we have the following 
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Corollary 6.2. For any metric g on M chosen as in Proposition 6.1, we have 

D<p = D^ + ^ Aijkaf3-yx'' a ■ Cj ■ ek ■ ip + W' ■ <p + Y ■ <f + - ■ Va^V (23) 



ijfca/37 



(24) 

where A.^kap-y £ R and where W G T{A^TV), V e T{TV), |W'| < Cr^ and |V| < C'r^ and C 

being positive constants independent of(p). 

Remark 6.3. Using the formulae in Remark 4.1, wc obtain the formula 

Assume now that ip is the test spinor constructed in Section 5. Let e > be a small positive number. 
We set 

X 

ipix) := r]Tp{-) =: ■0e(x) 

£ 

where ?^ = on M" \ Bp(26) and r/ = 1 on Bp{5), and that tp, defined as in (15) satisfies the following 
relations (16), (17), (18) and (19) where / is again defined by 

2 



+ r 



2 ■ 



We now prove some lemmas which will be useful in the proof of Theorem 1.1. 
Lemma 6.4. We have 



<c-fH-) 

£ £ 



(25) 



where f = j^;. 

Proof. At first, we prove that: 



(26) 



Indeed, using (16), we compute that 



X f*(-) nf^(-) . X 



and obtain 



/*(!) 



J2 R^o.|3,x''x^^i■{y^M-) = -'-^^ J2 R^o.PJX''x^^i■^y^|^^-'^^-^ Ria^jX^^X^X^diil-'-yi^o 



2£ 



Now, since ii i ^ j, 9, • dj = —dj ■ di and since 

^ ^ RjaPj X X^ = ^ ^ Rj^ajX X^ = ^ ^ Rja^jX X^ ^ 

af3 a(5 otf3 

(we have used that Rja(3i = R/Sija = Ripaj), we get that 

Rial3jX°'x^di • • V'O = - ^ Rial3iX°'x'^ll)o = 

since Ric(p) = 0. The first summand vanishes. 

The second summand vanishes as RiapjX^x^ = 0. 



ija0 



' £' 
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This proves (26). Now, by the development of 6^ (10), we easily obtain that 



<c-m{-). 

e e 



Differentiating expression (15), we see that 



IWI <C(/*+r/'^). 



Together with r/(r) 



< 1 we obtain the lemma. 



□ 



Now, we can start the proof of Theorem 1.1. We have, with the notations of Corollary 6.2: 



£ £ 



Therefore we have 



Di;,{x) = Vr?-^(-) + ^^/(-)i^(-)+77 V Ajka^jx" x^^ a ■ ej ■ ek ■ 



ij ka^'y 



+rjw' ■ + 7?V • + r? ^(6^' - 61)8^ ■ Va,(^(-)) . 



We write that 



\Dil}^\'^{x) = I + II + III + IV + V + VI + VII + VIII + IX + X + XI + XII + XIII + XIV + XV 
+XVI + XVII + XVIII + XIX + XX + XXI 
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where 



I 

II 

III 

IV 
V 
VI 
VII 

VIII 
IX 



XII 
XIII 

XIV 

XV 
XVI 

XVII 
XVIII 

XIX 
XX 

XXI 



e 

2^e<VvH-l-^f{-m-)> 

e e 2 £ £ 



2^e KVr] ■il){-),r] ^ AijkafS-yx" x'^ ei ■ ej ■ ek ■ i>{-) > 



ijka/3'y 

2 5fte< V7?-V;(J),7?W'-V^(J) > 
2SRe < Vr/-V;(-),r?V- V^(-) > 

£ £ 



X = 



XI = 



— n 

£ ' ~£ 



f{-)v X! ^^jkapjx'^ x'^ x~' 5Re < Cj • e^- ■ Cf 'ip,'ip > (-) 



i^j^k^i 



^n/(^)Ke<Vi(j),W'-^(^) > 
^n/(J)3?e<V;(^),V-V;(^)> 



2Tf ^ Aijkoci3'yX°'x^ x^^e<ei-ej-ek-'4}{-),VJ' ■'4}{-)> 

ijkaP"/ 
i*3*k^i 

2Tf ^ AiikaP-yX"" X^ x'^ Sic < 6, • • Cfc • V'(-), V ■ Vi(-) > 



^(6i-,5^)5,.Va,(V(-)) 
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Since V is a vector field, we have 

XII = 

Assume now that x e Bp{2S). Using the fact that |Vry| < Cr^ (C being a constant independent of e) and 
since r < 6 < 1, wc have: 

I + III + IV + V + VII + VIII + IX + XIII + XIV + XV < Cr^ /""^(^) • 

and 

VI + XI< -rV"(-) • 
Since / < 2 and since < C on Bp{25), we obtain that 

2 

VI + XI < C— /"-^(-) . 

e e 

In the same way, using relation (25) and the fact that for all £, §/(f ) < 1, we have also 

2 

X + XVI + XVII + XVIII + XIX + XX + XXI < r~H^) ■ 



Therefore we obtain that 

4£^ £ £ £ £ 

2 

n 

4? 



< ^r+'(?)[i+A] 



where 



A = Ce\^f-\^) + Cer^f-H^). 



Since l-DV'el^ > we have A > — 1. Moreover, if wc define 

7% n 

g(x) = l-\ x-(l + x)~, \/x>-l, 

n+1 

then 

5'(^) = ;7^(l-(l + 2^)'^) ' Va;>-1. 
Therefore g admits a minimum at on the interval [—1, +oo[. This yields that, Vx > —1, 

n 71 

(1 + x)^ < IH X . 

n+1 

We then have 

m,\^^{x) < (^)^ r(^) [1 + A]* < (^)^ r ( J) + (^)^ r(^) a . 

Taking into account the definition of A and integrating over M leads to 

l^^el^dwg <£^ [A + B + C] , (27) 



M 



where 



^ = I (|)*nf)d„» 

B = C [ eVr-2(-)dt;g 

J Bp (25) £ 

C = C [ sr^r-H-)dVg. 
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Since the function / is radially symmetric, we can compute A with the help of spherical coordinates: 

A = [ (f)'^r(J)o.„_iG(r)r"-idr, 

where stands for the volume of the unit sphere and 

G{r) = / Vl^lrx d£7(a;) \g\y := det gij{y). 

From Proposition 6.1, Hebey [Heb97] or Lee-Parker [LP87], we know that 

G{r) < 1 + O(r^) . 
Therefore, we can estimate A in the following way: 



A < 



< 



/"(-)r"-Mr + C / /"(-)r"+3dr 
^ Jo ^ 



2"r" 



(l + r2)" 



dr + Ce 



L (1 



-dr 



Since 



we get that 



and hence 



Let us show that 



I 



(l + r2)" 



dr<0 



„3— n 



{i+r^y 



dr 



-dr + o(l) 



A < 



Wn-ie 



r- 2V 
Jo (1 + 



r^y 



-dr + o(l) 



B = o(£"). 



Since dvg < Cdx, setting y = we have 



J 8^(25) £ Jb„(^) S 



dy 



^n+3 



{l + r'Y 



■ dr. 



(28) 
(29) 



It is easy to check that relation (29) follows if n > 3. In the same way, we can prove that C = o(£"). 
Together with Equation (28), we can conclude that 



Jm 



''+ldWg < £"+1+" 



2n n_|_QQ 

g)"^'u;„_iy^ r"-V"(r)dr + o(l) 



which yields 



where 



Jm 



+1 dv„ < £ 



n-l 



-J 1 ^n-ll 



(1 + 0(1)) 



(30) 



+00 2"^" — 1 



(l + r2)™ 



dr . 
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We are now going to estimate \fj^ < D'^^^'tfj^ > dvg\. We start by computing 
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3f?e < £>^e,^£ > 



M 



> A' - B' - C' - D' - E' 



where 



A' 
B' 

C 

D' 

E' 



/ 



f — — X — X 

/ 3?e < Vr? • V'(-), W^(-) > dt;g 
Jm £ £ 



^ Ai jkaffjx" x'^?Ste < ei- ej ■ ek ■tp,tp > {-)dvg 



5Re< W'Vi(j),^(j) > dv^ 



Jm 

[ rf^e < - Si)di-Vej{i>{^)), Vi(^) > dv, 



(The term in V is zero). Note that A' = -(f) "+^A where rj has been replaced by 2r). As to obtain 
(29), we get that 



B 



' + C + D' < C / /"-'(-) dvg < 0(£") = o(e-i) 



and 



E'<c/ — /"-5(-)d^;g < o(e"-i). 
Moreover, with the same method which was used to obtain (28), we get 



'Bp(25) 
,3 

'Bp (25) 



A' > [1 + 0(1)]. 



This proves that 



sRe < £>^e,V'e > dv. 



M 



>^c^„_ie"-i/ [1 + 0(1)]. 



(31) 



Finally, Equations (30) and (31) allow to estimate J(V'e) in the following way: 

{jM\Di'e\^^dVg 



By (21), we have 



Jj^^e<DtP,,^,>dvg 2 



Wn-ll = / Pdx = UJn 



< o'^„"-l^" [1 + 0(1)] . 



Therefore, we proved that for the test spinor ^p, we have 

j(v;.) < A+i„(s") [1+0(1)] . 

Hence Theorem 1.1 is proven. 



(32) 
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Remark 6.5. There is a variant of this proof which needs less calculations. As a first step, one proves that 

for any e > there is a test spinor (p^ on R" with support in -Bo(l) such that J^^^^^{(p^) < A^jjj(§") + e 
where £ > 0. The argument for this coincides with the above proof, but the terms IV to XXI vanish, as 
M" is flat. 

In a second step, one transplants this compactly supported spinor (p^ to the arbitrary compact spin 
manifold {M,A'^g), where A > is constant, and one obtains a spinor Tp^ on (M,A'^g). The terms IV 
to XXI reappear. However, from our Taylor expansion worked before, it is easy to see that for A — > oo 
these terms dissapear. 

One concludes that there for any s > there is a A^ > and a spinor ^ on (M, A'^g) such that 

■^Ai.(W)<A+i„(S") + 2£. 

Together with 

A+i„(M,5,a) = A+i„(M, A^^,^) < JAig(W) 

the theorem follows. 

This proof is simpler. We chose the way presented above because of various reasons. One the other hand, 
as indicated in the introduction, in the case n > 3 it is not the result, but the method of proof which 
is interesting. The above formulae enter at several places in the literature, e.g. [AHMOS], [AH03] and 
[Rau06]. Secondly, the simpler proof is close to Grofie's proof [Gro06] and we refer to her article for the 
probably most elegant proof in dimension n > 3. Also in her proof some Taylor expansions from the 
present article are used. 

7. The case n = 2 

The 2-dimensional case is simpler since g is locally conformally flat. On the other hand, some estimates 
of the last section are no longer valid in dimension 2, hence some parts have to be modified. These 
modifications will be carefully carried out in this section. 

Let (M, g) be a compact Riemannian surface equipped with a spin structure. If g is conformal to g we 
denote by /ii {g) the smallest positive eigenvalue of Ag . We prove the theorem. 

Theorem 7.1. There exists a family of m.etrics {ge)e conformal to g for which 

lim sup \t (Se)^Volg^ (M) < A-k 

liminf ixi{g,)Yo\g^{M) ^ Stt. 
Theorem 7.1 clearly implies Theorem 1.1. 

Roughly, these metrics can be described as follows. At first we choose a metric in the conformal class 
which is flat in a neighborhood of a point p. We remove a small ball around it and glue in a large 

truncated sphere. This removal and gluing can be done in such a way that we stay within a conformal 
class, e ^ 0. In the limit this truncated sphere is getting larger and larger compared to the original part 
of M. 

Agricola, Ammann and Friedrich asked the following question [AAF99]: 

Let M be a two-dimensional torus equipped with a trivial spin structure, can we find on M a Riemannian 
metric g for which Xf{g)^ < Mi (5) ? 

To understand this question, recall that the two-dimensional torus carries 4 spin structures. Three of 
them (the non-trivial ones) arc spin boundaries: for these spin structures it is easy to find flat examples 
with A^(^)^ = 3Ati(g). For the trivial spin structure, one has Xi{g)^ = ^1(5) for all flat metrics and 
Xfig)^ > Ml (5) for many S^-equivariant one's. 
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Clearly, Theorem 7.1 answers this question but says much more: firstly, the result is true on any compact 

Ricmannian surface equipped with a spin structure and not only when M is a two-dimensional torus. 
In addition, the metric g can be chosen in a given conformal class. Finally, this metric g can be chosen 
such that (2 — 5)Xl{g)'^ < /ii(s') where 5 > is arbitrarily small. More precisely Theorem 1.1 shows the 
corollary 

Corollary 7.2 (Proposition 1.2 of the Introduction). On any compact Ricmannian surface {M,g), we 
have 

mf TTT- ^ 

Ml (5) 2 

where the infimum is taken over all metrics g conformal to g. 

7.1. C°-metrics. Let / be a smooth positive function and set g = f^g. Let also for u G C°°{M) 



It is well known that /Lti(g) = inf I g{u) where the infimum is taken over the smooth non-zero functions u 
for which Jj^udvg = 0. Another way to express ^i{g) is 

("1(5) := inf sup (33) 

^ «ev\{o} 

where the infimum runs over all 2-dimensional subspaces V of C°°(M). We now can write all these 
expressions in the metric g. We then see that for u G C°°{M), we have 



Im l^^lldvg 



J vP'f'^dVg 

and Hi{g) is characterized in a way analogous to (33). Now if / is only continuous, we can define g = f'^g. 
The symmetric 2-tensor g is not really a metric since / is not smooth. We then say that 5 is a C° -metric. 
We can define the first eigenvalue Hi{g) of Ag using the definition above. 

Suppose that 

(1 + P)-V</<(1 + P)/- (34) 

Then 

(1 + pr'ipgiu) < ipgiu) < (1 + pfif,^. 

From the variational characterization (33) it the follows that 

(1 + py'i^iipg) < /xi(f 5) < (1 + p)Vi(/'<7), 
which is a special case of a result by Dodziuk [Dod82, Proposition 3.3]. In particular, we get 

Lemma 7.3. // (/„) is a sequence of smooth positive functions that converges uniformily to f, then 
IJ-iiflg) tends to iii(f^g). 

In the same way, if <? = f^g is a metric conformal to g where / is positive and smooth, we define 

/ \D-gMldv-g 

JM 



l-gdv-g 



JM 

The first eigenvalue of the Dirac operator Dg is then given by Xf (g) = inf Jg (tp) where the infimum is 
taken over the smooth spinor fields ijj for which Jj^j{DgiJj, ^j)dvg > 0. Now, as explained in paragraph 5.2 
we can identify spinors for the metric g and spinors for the metric ^ by a fiberwise isometry. Moreover, 
using this identification, we have for all smooth spinor field: 
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This implies that if we set y = we have 



Jm 



IM 

and the first eigenvalue of the Dirac operator Dg is given by 

A+(ff)=inf J^(VP) (35) 

where the infinium is taken over the smooth spinor fields (p for which / {Dg(p, (p)dvg > 0. Now, when 

Jm 

g = f^g is no longer smooth, but a C^-metric, we can use (35) to define Xfig)- 
Under the assumption (34), we get 

(1 + P)-'j'pg{^) < Jpg{v) < (1 + P)j'pg{^), 

and hence 

(1 + p)-^A+(f ff) < Xtifg) < (1 + p)XtCf9)- 
We have proven a result similar to Lemma 7.3: 

Lemma 7.4. // (/„) is a sequence of smooth positive functions that converges uniformly to f, then 
KUlg) tends to X^{g). 

7.2. The metrics {ga,e)a,e- In this paragraph, we construct the metrics {ga,e)a,£ conformal to g which 
will satisfy: 

limsup A+(3«,e)^Volg„ ^(M) ^ 47r (36) 

£->0 

and 

lim inf lim inf /ii (g^, e) Vol„ ^ (M) > Stt. (37) 

a— »0 £— »0 ' 

Clearly this imphes Theorem 1.1. By Lemmas 7.3 and 7.4, it suffices to construct C°-metrics {ga,e)a,E- 
Recall that the volume of M for a C°-metric is defined by Yo\pg{M) = Jj^ f^dvg. At first, without loss 
of generality, we can assume that g is flat near a point p e M. Let a > be a small number to be fixed 
later such that g is flat on Bp{a). We set for all a; e M and e > 0, 

if r Ca 



\i r > a 



where r = dg{.,p). The function is continuous and positive on M. We then define for all £ > 0, 
ga,e = fa,e9- The Symmetric 2-tensors {ga,e)a,e will be the desired C^-metrics. For these metrics, we 
have 



Vol,.,. 



(M) = I fl^dVg = I fl^dVg + f fl^dVg. 

Jm JB„(a) JM\B„(a) 



IM JBp{a) JM\Bp{a) 

Since g is flat on Bp{a), we have 



4 

e r 



Bp (a) 



Substituting p = je^ we obtain 

/ !l,e^Vg = tteM ' dr = ne^ + o{s^). 

JBAa) Jo [^ + P) 
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Since fl^^ < on M \ B^{a), we have lM\B^{a) fl,edug = o(£^). We obtain 

Volg,(M) = 7re2 + o(e2). 



(38) 



7.3. Proof of relation (36). We define on as in subsection 5.1 tlie spinor field 

il}{x) = f{x){l -x) -^po 

where f{x) = j^^, \tpo\ = 1- We have 

Dtj} = fijj and IV'I = (39) 

Now, we fix a small number a > such that g is flat on Bp (2a). Then, let 5 be a small number such that 
we take ^ 6 ^ a. Assume that s tends to 0. Furthermore let r/ be a smooth cut-off function defined on 
M by 

1 if r<52 

a r>S 

The function rj is such that O^tj^I, v{Bp{S)) = {!}, ry(M" \ Bp{2d)) = {0} and 



Kg := / IVrjfdVg ^ for 5 ^ 0. 
Jm 



(40) 



Identifying Bp{2S) in M with Bo{26) in K^, we can define a smooth spinor field on M by = r]{x)tp (|). 
Using (39), we have 



c»(ft) = v,.f(i) + f/(i)*(i). 



Since {Vrj ■ V'(f ), V'(f )) G * and since l-Dg'^i'el^ e K, we have 



M 



(41) 

(42) 



where 



/. = /jV,„>Kf)f<fca.d/. = /3/^(i)|«(f 

By (39), \ip (f ) 1^ < 2 and hence 



for <5 ^ 0. Now, by (39), 



-fi < 2 / |Vryrdt;g = 2k;5 ^ 
/m 



^2 < 4 / /'(7)/a>- 



(43) 



Since fa,e = ^/(f ) on the support of r], we have 

Mimicking what we did to get (38), we obtain that 

h ^ 8^ + 0,(1) 

where 0^(1) denotes a term tending to for £ — > 0. Together with (42) and (43), we obtain 



/ \Dg,l,,\^f-ldVg < 87r + 2ks + o,(l). 
Jm 



(44) 



IM 

In the same way, by (41), since / {Dg{tj}e),^s)dvg G M. and since (Vry • V'(f )> V'(f )) ^ we have 

n2 



JM JM £^ ^2:/ ve/ 
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By (39), this gives 



{Dg{ll)^),1pe)dVg-- , —J y-J^Ug. 

With the computations made above, it follows that 

/ {Dgiij,), i;,)dvg = A-KE + o(e). 
Together with (44) and (38), we obtain 

Af(5a,^)'Volg„.^(M) < (j;^^(V',))'vol,„,,(M)< 



' (tte^ + o(e^)) 



Ane + o{e) 



477 + 2^5 + — +Oe(l). 

47r 



Letting e then 5 go to 0, we get Relation (36). 

7.4. Proof of relation (37). As pointed out by the referee the metrics ga,e coincide with metrics 
contructed in [Tak02] , and relation (37) is proven in this article. 
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